HOMOLOGY PRO STABILITY FOR TOR-UNITAL PRO RINGS

RYOMEI IWASA

ABstrACT. Let {An, } be a pro system of associative commutative, not necessarily unital, rings. Assume

that the pro systems {ToriZD( Am (Z,Z)} m vanish for all ¢ > 0. Then we prove that the sequence
{HI(GLn(Am)) b = {HI(GLnt1(Am)) b = {Hi(GLnt2(Am))bm — - -

stabilizes up to pro isomorphisms for n large enough than [ and the stable range of A,,’s. This is applicable

to the pro system {A™} of the successive powers of an ideal A of a noetherian commutative ring of finite

stable range.
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0. INTRODUCTION

0.1. The homology stability for general linear groups is a simple but deep question on homological
algebra. Let R be an associative unital ring. We consider the general linear groups GL,,(R) of R and
their sequence

GL,(R) < GL,4+1(R) < GLy42(R) < -+,
where each embedding is given by sending a to (§ $). The question is whether the induced sequence of
the integral group homology

Hl(GLn(R)) — Hl(GLn+1(R)) — HZ(GLn+2(R)) N

stabilizes for n large enough than [. There have been many works on this problem, and the most striking
result was obtained by Suslin.

Theorem 0.1 (Suslin [Su82]). Let R be an associative unital ring and | > 0. Then the canonical map

is surjective for n > max(2l,1 + sr(R) — 1) and bijective for n > max (2l + 1,1 + sr(R)), where sr(R)
is the stable range of R.

Things become much harder and interesting if we consider non-unital rings. Then the homology
stability is strongly related to the K -theory excision and the Tor-unitality.
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Let R be an associative unital ring and A a two-sided ideal of R. We define the n-th relative K -group by
K, (R, A) := 7, hofib(BGL(R)" — BGL(R/A)™).

We say that A satisfies the K -theory excision if, for every unital ring R which contains A as a two-sided
ideal and for every n > 1, the canonical map

Kn(Zw A, A) = K, (R, A)

is an isomorphism. It is well-known that the K -theory excision fails in general. However, if the homology
H;(GL,(A)) stabilizes for n large enough, then A satisfies the K -theory excision”. Such being the case,
the homology stability for non-unital rings fails in general, even if the stable range of A is finite.

On the other hand, in [Su99], Suslin completely determined the obstruction to the K -theory excision:
An associative ring A satisfies the K -theory excision if and only if A is Tor-unital, i.e. ToriZD(A (Z,Z) =0
for all « > 0. Hence, we may hope that Tor-unital rings satisfy the homology stability. Again, Suslin gave
a partial solution.

Theorem 0.2 (Suslin [Su96]). Ler A be a Tor-unital Q-algebra, r = max(sr(A),2) andl > 0. Then the
canonical map

H;(GLyp(A)) = Hj(GLpy1(A))

is surjective for n > 21 + r — 2 and bijective forn > 2l +r — 1.

Unfortunately, commutative rings rarely happen to be Tor-unital. Instead, a recent trend has been to
think about Tor-unital pro rings. We say that a pro system {A,,, } of associative rings is Tor-unital if the
pro system {Tor”**m (Z,7Z)},, vanish for all i > 0. A notable result by Morrow [MoTg] is that, for
any ideal A of a noetherian commutative ring, the pro ring {A™},,,>1 of successive powers of A is Tor-
unital. Besides, Geisser and Hesselholt [[GHOA] generalized Suslin’s excision theorem to the pro setting:
If {A,,} is a Tor-unital pro ring then the canonical map

{EW(Z % Ay Ay = {En(Rin, Am) b

is a pro isomorphism for any pro system of unital rings { R,,, } with a level map {A,,} — {R,,} which
exhibits each A,,, as a two-sided ideal of R,,.
Our main theorem is an integral pro version of Theorem 0.

Theorem 0.3 (Theorem E13). Let { A, } be a commutative Tor-unital pro ring®, r = max,,, (sr(A,,), 2)
andl > 0. Then the canonical map

{HZ(GLH(Am))}m - {Hl(GLn+1(Am))}m
is a pro epimorphism for n > 2l + r — 2 and a pro isomorphism forn > 2l +r — 1.

It follows from Theorem O3 that if {A,,} is commutative Tor-unital then the conjugate action of
GL,,(Z) on {H;(GL,,(As,)) }m is pro trivial for n > 21 + r — 1, cf. Corollary ET4. Together with a
standard argument this reproves Geisser-Hesselholt’s pro excision theorem for commutative Tor-unital
pro rings of finite stable range.

Calegari and Emerton [CET6] independently proved the stability for lim  H; (GL,((pZ)™); Z,) and
fm —H, (GL,((pZ)™));F,) for a prime number p. See also [Cals] for related works and different back-
grounds.

! The stability implies that the conjugate action of GL(R) on H;(GL(A)) is trivial for any unital ring R which contains A as
a two-sided ideal. Then the K -theory excision for A follows by a standard Hochschild-Serre spectral sequence argument.
2 “commutative” means that each A, is commutative. However, this condition may not be essential. We expect that the theorem

is true without the commutativity assumption.
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0.2. Outline. In §I, we prove the pro stability for H;(GL,,), cf. Theorem [3. This essentially follows
from Vaserstein’s stability for relative K.

In §D, we recall some properties of Tor-unital rings. In particular, we review the theory of special
morphisms between pseudo-free modules over Tor-unital rings exploited in [Su93]. Roughly speaking,
special morphisms are non-unital substitutions for multiplications by units.

In §B, which is the technical heart of this paper, we study triangular spaces and prove a pro acyclicity
of the union of triangular spaces, cf. Theorem B9. This is an integral pro version of [Sn96, Corollary
5.7]. However, the proof there relies on the Malcev theory, which works only for QQ-algebras, and we need
a new argument. Our new input is the theory of special morphisms recalled in §D.

In §8, we complete the proof of Theorem 3. The building blocks are the pro stability for H;(GL,,)
in §M and the pro acyclicity of triangular spaces in §B. Then the drift of the argument follows [Sud6, §6].

0.3. Notation.

1. A ring means an associative, not necessarily unital, ring.

2. sr(A) is the stable range of a ring A, i.e. the minimum number » > 1 such that the stable range
condition [Va6Y, (2.2),,] holds for every n > r.

3. Let Abe aringandn > 1.

(a) The general linear group GL,,(A) is the kernel of the canonical map GL,(Z x A) —
GL,(Z).

(b) The elementary subgroup E,,(A) is the subgroup of GL,,(A) generated by the elementary
matrices e;;(a) witha € Aand 1 < i # j <n.

We regard GL,,(A) as a subgroup of GL,,;1(A) by sending a matrix o to (¢ ). We write

GL(A) = GL(A) = ,, GLp(A) and E(A) = E(A) = U,, En(A).

4. A proring is a pro system of rings indexed by a filtered poset. Typically, we denote a pro ring by
a bold letter A = {A,,} and the structure maps A,, — A,, by ¢y, ,, or just by ¢.

5. A unital (resp. commutative) pro ring is a pro ring which is levelwise unital (resp. commuta-
tive). Unless otherwise stated, we use standard operations of rings levelwise for pro rings: E.g.
GLn(A) = {GLy(Am) Yo, TorZ*A(Z, Z) = {Tor2*Am(Z, )} . etc.

6. Aleftideal of a proring A = {A,,}mesisaproring B = {B,, },,cs withalevelmap B — A
which exhibits each B,,, as a left ideal of A4,,.

0.4. Acknowledgment. This paper is based on my Ph.D. dissertation and I thank my advisor Tomohide
Terasoma for his support. The study of homology pro stability has started when I was working on rela-
tive Chern classes with Wataru Kai [IKTY]. T am very grateful to him for many discussions and useful
comments. Part of this paper was written when I was visiting Moritz Kerz in Universitit Regensburg. 1
thank him for his kind hospitality and interest in my work. This work was supported by JSPS KAKENHI
Grant Number 16J08843 and by the Program for Leading Graduate Schools, MEXT, Japan.
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1. Pro STABILITY FOR K

1.1. Vaserstein’s stability. Let R be a unital ring and A a two-sided ideal of R. The normal elemen-
tary subgroup E,, (R, A) is the smallest normal subgroup of E,, (R) which contains E,,(A). We write
E(R,A) = Ex(R,A) = U, En(R,A). By Whitehead’s lemma, E(R, A) is a normal subgroup of
GL(A). We define the relative K1-group K1 (R, A) to be the quotient group GL(A)/E(R, A).
Theorem 1.1 (VasersStein [VabY]). The canonical map

GL,(A4) = K1(R, A)
is surjective for n. > sr(A), and the kernel is E, (R, A) for n > sr(A) + 1.

1.2. Let R be a unital ring and A a two-sided ideal of R. The following lemma generalizes [I776,
Proposition 2] to possibly noncommutative rings.

Lemma 1.2. Forn > 3, E,(R, A?) C [E,(A), E,(A)].
Proof. Note the standard equality of elementary matrices;
1 ifj£ki#£1
leij(a), enr(b)] = Q ealab)  ifj=k,i#l
erj(—ba) ifj#ki=1,

which we use throughout the proof. One immediate consequence is that F,,(4%) C [E,(A), E,(A)] for
n > 3.

Forr = (ri,...,ry) € R" with r; = 1, we write
r) = H ejr(ry) and XJ H er;(Tx).
ki K

Fix 1 < j < n. Itis easy to see that every = € F,,(R) has the form
Tom (U) = X7 (uzm) X (uam—1) -+ X7 (u2) X (u1)
for some m > 0and U = (u1,uz ..., uzm) € (R™)?™. We also set zo(()) := 1 and
2am—1(V) 1= X7 (V2n—1) X (V2m—2) - - - X (v2) X7 (v1)

form > 0and V = (v1,v2...,02m_1) € (R")?>™~ L

Consider the following assertion.
(V)n Forevery U € (RN, 2n(U)E, (A%)xn(U)~! C [EL(A), B, (A)].
We have seen (©)o. Let N > 0 and suppose that (©); holds for [ < N. We shall prove (©)y in case N
even; the case N odd is proved in the same way.

Let U = (uy,...,uy) € (R")Y and 2 := zn(U). For e;(a) witha € A%, 1 < i,k < nand

k # j, we have X;(u1)ei,(a)X;(—u1) € En(A?) and thus by the induction hypothesis xezk( )x~tl e
[En(A), En(A)]. For e;j(a) witha € A? and 1 <i # j < n, we have

X;(un)ess (@)X (—u1) = e5ilura) ( TT ean(—au) - esi(@))esi(—un:)
k+#i,j
= H ejk(*Ul,iaul,k)eik(*aul,k) : eji(ul,i)eij(a)eji(*ul,i)-
k#i,j

Hence, it follows from the induction hypothesis that zF,,(A?)z ! is generated by y;e;;(a)y; ', yi =

7 ’L

Xj(uN)Xj(uN_l) .. ~Xj(uQ)eji(u17i), with a € A2 and1 <1 75 j < n modulo [ ( ), n(A)]
For U = (u1,...,uy) € (R")V and 1 < p < N/2, we set

YN U) = X (un) X (un—1) -+ X7 (uap)egi(uzp—1,0) -+ €55 (uz,i)ejius,q)

Yy (U) = X7 (un) X (un—1) -+ Xj(uzpr1)ei(uap,i) - - €4 (uz,i)eji(u ).
We claim that:
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(O)q ForU € (RN, an(U)E,(A?)zn(U)~! is generated by yiQ(U)eij(a)le(U)*l, a€ A% 1<
i # j <mmodulo [E,(A), E,(A)].
We have seen ()1. Let Q > 1 and suppose that ({); holds for I < Q. We prove ()¢ in case Q even;
the case () odd is proved in the same way.
LetU = (u1,...,un) € (R")N. According to ({)g-1, 2n(U)E,(A%)xn(U)~! is generated by
Y2 (e (a)y2 H(U)Y, a € A%, 1 < i # j < n modulo [E,(A), E,(A)]. Wefix 1 <i#j<n
for a moment. Now,

X (ug)eji(ug-14) = eij(ug.ieji(ug1) [] eri(ugr)eri(ugrug-1:).
Kig

Hence, by putting 7 := Hk# ; ki (Ugp pU2p—1,i), We have

T U) = X (un) X (un—1) -+ X (ug)eis (ug.i)eji(ug—1,:) X7 (ugy_) -+ X7 (uh) X (u})g

for some uf, ..., ug 5 € R™ withuy ; = ug,;. ForQ —1 < ¢ < N, we set

- Uq,i €4 +6j ifq:Q_ 17Q
v Uqg ifg>@Q

and U’ := (u},...,uly), so that y° ' (U) = zn(U")g and y?(U’) = y?(U) for ¢ > Q. By applying
(&)g_1 to U’, we see that 2 (U') E, (A2)xn (U') " is generated by y2 (U”)e;;(a)y2(U') 1, a € A2
modulo [E,,(A), E,(A)]. Varying i, this proves ()¢ for the given U € (R™)Y, and thus for all U €
(RN,

According to () n, to prove (V) , it suffices to show that ye;;(ab)y~t € [E,(A), E,(A)] fory =
eij(rN)ej,;(rN_l) e 6ij(r2)ej,;(7“1) with a, be A, r,..., 7’y € Rand1 < ¢ 7& 7 < n. Observe that
we have

eij(ri)eji(ab)ei;(—r1) = eij(r1)[eje(a), e (b))es;(—r1)

leit(r1a)eje(a), e (—bri)ei(b)]

for t # 4,j. Now, it is clear that y'[e;1(r1a)ejt(a), e (—bri)ew (D)](y') ™ € [En(A), E,(A)] fory' =
eij(rn)ejs(ry—1)---e;;(r2), and thus we get (O) n. O

Corollary 1.3. Ler R = {R,,} be a unital pro ring and A = {A,,,} a two-sided ideal of R. Suppose
that AJA? = {A,, /A2 } = 0. Then, for 3 < n < oo, the canonical maps

E,(A) ————— > E,(R,A)

are pro isomorphisms.

Proof. Since all the indicated maps are injections, it suffices to show that the map [E,,(A), E,(A)] —
E,(R,A) is a pro epimorphism. By the assumption A/A? = 0, there exists s > m for each m such
that ¢s ,,, (45) C A2,. Therefore,

tomEn(Rs, As) C En(Rm, A2,) C [En(Rim, Am), En(Rum, A,

where the last inclusion is by Lemma 2. This proves that [E,(A), E,(A)] — E,(R,A) is a pro
epimorphism. g
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1.3. Pro excision and pro stability. Let R = {R,,} be a unital pro ring and A = {A,,} a two-sided
ideal of R. We define sr(A) := max,, (sr(A.,)).

Theorem 1.4 (Pro exision). Suppose that A /A? = 0. Then the canonical map
H\(GL(A)) & K1 (R, A)

is a pro isomorphism.
Proof. Since K1 (R, A) is levelwise abelian, we have a levelwise exact sequence

H,(FE(R,A))——H;(GL(A))——=K;(R,A)——0.
According to Corollary I3, H; (E(R, A)) = 0, and thus we get H;(GL(A)) ~ K;(R, A). O
Theorem 1.5 (Pro stability). Suppose that A/A? = 0. Then the canonical map

Hy(GLy(A)) — H1(GL(A))

is a pro epimorphism for n > sr(A) and a pro isomorphism for n > max(3,sr(A) + 1).

Proof. The composite
H\(GL,(A)) - Hi(GL(A)) & Ky (R, A)
is a levelwise surjection for n > sr(A) by Theorem [I. Since the last map is a pro isomorphism by
Theorem [4, the first map is a pro epimorphism for n > sr(A).
Consider the commutative diagram

| i l

Hi(ER,A)) —— H1(GL(A)) ————— Hi(Ki(R,A)) ———0
with levelwise exact rows. The left terms are zero for n > 3 by Corollary I3. According to Theorem
[, the right vertical map is a levelwise bijection for n > sr(A) + 1. Hence, the middle term is a pro
isomorphism for n > max(3,sr(A) + 1). O
Theorem 1.6. Set E,,(A) := GL,(A) N E(A). Suppose that A/A? = 0. Then the canonical map
En(A) — Eq(A)
is a pro isomorphism for n > max(3,sr(A) 4+ 1).

Proof. Let E, (R, A) := GL,(A)NE(R, A). According to Theorem I, the canonical map E,, (R, A) —
E, (R, A)isalevelwise bijection for n > sr(A)+1. Hence, the theorem follows from Corollary 3. [
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2. TOR-UNITAL PRO RINGS
The treatment of this section closely follows Suslin [Su93] and Geisser-Hesselholt [GHOA].
2.1. Definitions.
Definition 2.1. A proring A = {A,,} is Tor-unital if
Tor’*A(Z,Z) = {Tor™ 4 (2, Z)}, = 0
as pro abelian groups for all ¢ > 0.

Example 2.2.
(i) A unital pro ring, i.e. a pro system of unital rings, is Tor-unital.
(i) (Morrow [MaIR])Let A be an ideal of a noetherian commutative ring, then the proring { A™ },;,>1
of the successive powers of A is Tor-unital.

Definition 2.3. Let A = {A,,},cJ be a pro ring.

(i) A left A-module is a pro abelian group M = {M,,, },,,c s with a level map A x M — M which

exhibits each M,,, as a left A,,,-module. A morphism between left A-modules M = {M,,} and
N = {N,,} isalevel map f: M — N such that each f,,,: M,, — N, is a morphism of left
A,,-modules.

(ii) A left A-module P is pseudo-free if there is an isomorphism of left A-modules A ® L — P
for some pro system L of free abelian groups. We call such an L a free basis of P.

(iii) A morphism f: P — M of left A-modules is special if P is pseudo-free with a free basis L
and f is induced from a level morphism of pro abelian groups L. — M.

2.2. Pro resolution.
Proposition 2.4 (Suslin [Su93], Geisser-Hesselholt [GHOR]). Let A = {A,,} be a Tor-unital pro ring.
Suppose we are given an augmented complex
.= C = Cp S C,
of left A-modules such that:®

(i) Each Cy with k > —1 is pseudo-free.
(ii) The homology Hy(Ce ) is annihilated by A,, for every m and k > —1.

Then
Hk(co) = {Hk(co,m)}m =0
forall k > —1.

In fact, a finer result holds.

Proposition 2.5. Let A = {A,,, } ey be a Tor-unital pro ring and k > —1. Then there exists s(m) > m
for each m € J such that the map

Ls(m),m* Hk (0075(777,)) — Hk(CO,m)
is zero for all augmented complexes of left A-modules which satisfy the conditions (i) (ii).
Proof. Let C be a pseudo-free left A-module with a free basis L. Then we have levelwise isomorphisms
Zx A ~ Zx A
Tor,**(Z, C) ~ Tor,”™(Z,A ® L)
~ Tor?MA(Z7 A)®L
~ Tor?¥MN2.Z) ® L.

Since A is Tor-unital, we see that
Tor?XA(Z, C)=0

3We thank Takeshi Saito for pointing out an unnecessary condition, the augmentation e is special, which was in the first draft
and in [SnY93, [GHOA] too.
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for every ¢ > 0.

Let Z; and By _; are the kernel and the image of C;, — Cj_; respectively. By the assumption (ii),
we have a levelwise inclusion AC_; C B_j, and thus there is a levelwise surjection C_;/AC_; —
H_,(C,). Since C_ is pseudo-free, C_; /AC_; = Tor%“A(Z, C_1) = 0. Therefore, H_1(C,) = 0.

Let k¥ > 0 and suppose that H;(C,) = 0 for [ < k. Consider the levelwise spectral sequence

Tor?**(Z,C,) if0<p<k
E,, = Tor2"™2Z,Z) ifp=k+1
0 otherwise,
which arises from the brutal truncation of the complex
Z, —Cp—>Cr_q1—... > Cq.
By the induction hypothesis, the complex is pro quasi-isomorphic to C_; and thus
(&S] A
E° ~ Tor,"*(Z,C_1) =0
for ¢ > 0. Since C,, is pseudo-free, we also have Ell)q = 0for 0 < p < k. Hence,
Zy/AZy, = Tory"™(2,Z;) = EfS, = 0.
On the other hand, by the assumption (ii), we have AZj; C By. Therefore, H;(C,) = 0. This proves
Proposition 4. The finer variant (Proposition Z3) is also clear from this proof. d
Lemma 2.6. Let A be a pro ring and P a pseudo-free left A-module. Then there exists an augmented
complex P4 of left A-modules with P _y = P which satisfies the conditions (i) (ii) and
(iii) The augmentation ¢: Py — P _1 is special

We call P, a pro resolution of P.

Proof. Write P = {P,,} and let Z[P] = {Z[P,,]} be the pro system of the free abelian groups generated
by the sets P,,,. Then Py := A ® Z[P] is a pseudo-free A-module and the canonical map Z[P] — P
induces a special morphisme: Py — P.

Let R = {R,,} be the kernel of €, and Z[R] = {Z[R,,]} the pro system of the free abelian group
generated by R,,,. Then P; := A ® Z[R] is a pseudo-free A-module. Repeating this procedure, we
obtain an augmented complex P, with P_; = P which satisfies the desired conditions. O
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3. PRO ACYCLICITY OF TRIANGULAR SPACES
The goal of this section is to prove Theorem B9.
3.1. Preliminaries on homology.

3.1.1. For a simplicial set X, we denote by C.(X) the complex freely generated by X, with the differ-
ential being the alternating sum of the faces. We write H,,(X) = H,(C.(X)). Also, we write H,,(X)
for the reduced homology.

Let G be a group. We write EG for the simplicial set whose degree n-part is G*("t1) and whose i-th
face (resp. the i-th degeneracy) omits the i-th entry (resp. repeats the i-th entry). We give a right G-action
on EG by (go,---,9n) - g := (909, - - -, gng). The classifying space BG is defined to be EG/G.

3.1.2. By apro object or pro system, we mean a pro object whose index category is a left filtered small
category.

Lemma 3.1. Let f: X — Y be a morphism between pro systems of pointed simplicial sets. Suppose
that f induces pro isomorphisms

T (X) = m,(Y)
foralln > 0. Then f induces pro isomorphisms

~

H,(X)— H,(Y)
foralln > 0.

Proof. Since Zmo(X) ~ Hy(X), the assertion is clear for n = 0. Hence, by taking the connected com-
ponents (i.e. the levelwise homotopy fiber of X — 7<¢X), we may assume that X and Y are connected.
Then, according to [[sOT], for each n > 1, the induced map P,(X) — P,,(Y) on the n-th Postnikov
sections is a strict weak equivalence, i.e. isomorphic to a levelwise weak equivalence. Hence, the induced
map Cy (P, (X)) = C.(P,(Y)) is isomorphic to a levelwise quasi-isomorphism.
On the other hand, by Hurewicz theorem and Serre spectral sequence, we have levelwise isomorphisms
Hy(X) ~ Hp(P,(X)) for k < n. Now, in the commutative diagram

Hi(X) Hi(Y)

.

Hi(Po(X)) — Hy(Pu(Y),

the vertical maps and the bottom map are pro isomorphisms for k£ < n, and so is the top map. Since n is
arbitrary, Hy(X) = H;(Y) is a pro isomorphism for every k > 0. O

For a simplicial group G, we consider the bi-simplicial set BG constructed degreewise. For a bi-
simplicial set X, we denote by C,(X) the double-complex freely generated by X, with the differential
being the alternating sum of the faces.

Corollary 3.2. Let f: P — Q be a morphism between pro systems of simplicial abelian groups. Suppose
that f induces pro isomorphisms

T (P) = mn(Q)
foralln > 0. Then f induces pro isomorphisms

H,(Tot C,.(BP)) = H,(Tot C..(BQ))
foralln > 0.

Proof. Now, the map B P — By induces pro isomorphisms 7, (B P) — m,(BrQ) for all n > 0.
Hence, by Lemma B, the induced maps

are pro isomorphisms for all n > 0. By a standard spectral sequence, we obtain the corollary. g
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3.1.3. Letus quote a lemma from [Sn93, §2].

Lemma 3.3. Let G be a group and H a group with a left G-action. Then there exists a natural quasi-
isomorphism
C.(B(Gx H)) ~C.(EG) ®¢ C.(BH).

Let G = {G,,} be a pro group (= a pro system of groups). A left G-module M is a pro abelian
group M = {M,,} with a level map G x M — M which exhibits each M,, as a left G,,-module. A
morphism between left G-modules M = {M,,} and N = {N,,} is alevel map f: M — N such that
each f,,: M,, — N,, is a morphism of left G,,-modules. These form the category of left G-modules,
and we consider simplicial objects in this category; simplicial left G-modules and morphisms between
them.

Corollary 3.4. Let G be a pro group. Let P and QQ be simplicial left G-modules and f: P — Q a
morphism between them. Suppose that f induces pro isomorphisms

Tn(P) = m,(Q)
foralln > 0. Then f induces pro isomorphisms
H, (Tot C.(B(G x P))) = H,(Tot C.(B(G x Q)))
for all n > 0, where the semi-direct products are taken levelwise and degreewise.
Proof. This follows from Corollary B2 and Lemma B3. g
3.2. The key lemma.

3.2.1. Triangular spaces. Let A be aring and P a left A-module. Let o be a finite poset. We define a
group 77 (A, P) by

TJ(A7P) = H A(,L]) X H P(Z,j)7
i<,J, j¢max o i<sJ,JEMaxoc

where A(; jy and P(; jy are just the copies of A and P respectively. For a € T7 (A, P), we denote its (i, j)-
th component by «; ;; thus o; ; € Aif j ¢ maxo, and a; ; € Pif j € maxo. For o, 8 € T (A, P),
we define the composition « - 5 by

(@-B)ij =i +Bij+ Y, irbry

i<ock<osj
fori <, j. WesetT7(A) :=T7(A, A).
Setog := 0 \ maxo and M?(P) == [[,. ; jcmaxo

T7(A,P)=T°(A) x M?(P)
and canonical inclusion and projection
T7°(A) = T7(A,P) —» T°°(A).
Let 6: 0 — 7 be an embedding of finite posets. Then it induces a morphism of groups
T: T7(A) — T7(A).

P; jy- Then we have an identification

If 6 sends maximal elements to maximal elements, then it also induces a morphism 77 (A, P) — T7 (A, P)
for any left A-module P, which we also denote by 7.
Let f: P — @ be a morphism of A-modules. Then it induces a morphism of groups

T/ T7(A,P) - T°(A, Q).

If 6: 0 — 7 sends maximal elements to maximal elements, then we define
T T°(A,P) - T7(A,Q)

to be the composite 75 o T9 = T% o T,
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3.2.2. For a finite poset o and p > 0, let [p] be the poset 0 < 1 < 2 < --- < p and endow o x [p] with
the lexicographical order. We define

oxk|[p] ;=0 X [p] \ maxo x {1,...,p}.

We denote by ¢ (resp. ¢) the embedding 0 — o X [p] (resp. ¢ — o%k|[p]), a — (a,0). Note that
¢~ (max(o¥[p])) = max o and that (c%[p])o = oo X [p].
The following lemma is a variant of Lemma 7.4 in [Su&2].

Lemma 3.5. Let { A, }imez be a commutative Tor-unital pro ring and 1 > 0. Then there exist p; > 0
and s;(m) > m for each m € E such that:

(i) For all finite posets o and all pseudo-free { A, }-modules { P, }, the map
LSL(m%mHl(TW): f{l(TU(ASz(m)’ PSz(m)) - HI(TU*[pl](Ama Pn))
is equal to zero.

(i) For all finite posets o and all special morphisms f: {Py,} — {Qmn} between pseudo-free { A, }-
modules, the map

le(m),mHl(Tfl1¢) : HI(TJ (Asl(m)a Psl(m)) — IN{Z (TU*[pL] (Ama Q'm))
is equal to zero.

The lemma fails for general non-unital rings and the use of Tor-unitality is essential here. We also
remark that (i) is not a special case of (ii) because the identity morphism is not special unless the ring is
unital. Even if one is only interested in (i), the proof requires (ii) in its induction step.

Proof. We prove the lemma by induction on [ > 0. The case | = 0 is clear, here we can take pg = 0
and sp(m) = m. Let L > 0 and suppose that we have constructed pg < p; < --- < pr_; and
so(m) < s1(m) < -+ < sp,_1(m) which satisfy the conditions of the lemma.

Set ¢ := pr—1 + 1 and t(m) := s_1(m). First, we prove the following.

Sublemma 3.6. For all finite posets o and all special morphisms f: {P,} — {Qm} between pseudo-
free { Ay, }-modules, the diagram

te(m).m Hp (TT%
HL(TU(At(m)a Pt(m))) % )I{L(TJ*M (Ama Qm))

ai te(my,m HL (T?) o0 % [d]
HL(T (Ayy)) 2 gy (i a,,)

commutes, where the vertical maps are the canonical projection and inclusion.

Proof. Let f: {P,} — {Qm} be a special morphism between pseudo-free { A, }-modules and { L, }
a free basis of {P,,} such that f is induced from a map {L,,,} — {Q: }. Note that we have an equality
{hﬂl Lg,?} ={L,,}, where { Lg,?} is a sub-system of { L,,, } such that each LW is finitely generated and
the limit runs over all such systems. Hence, we have

113 C.(BM° (A, @ L)) ~ C,(BM?(P,,))

for every m. It follows that

CLBT (A, Po)) 2 limy C (BT (A A © L))

and

H(T (A, Po)) 2 ity Ho(T7 (A, A @ L),
Consequently, to show the sublemma, we may assume that { P,,} = {A,, ®z L, } with L,, a free abelian
group of finite rank. We may also assume that {Q,, } = {A,, ®z M,,, } with M,, a free abelian group of
finite rank.
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Fix m € Z. Letey, ..., e be abasis of Ly(,,) and fi1,..., f; a basis of My,. Since f is special, the
map ty(m),mf: Pym) — @Qm is induced by a map a: Ly(,,,) — @, Which sends e; to Zj o ; f; with
@;j € Ap. We may also denote ¢ () m f by .

If a = 0, then the diagram

- Lt(m), mHL(T —_
HL(T (At(m)7Pt(m))) —— HL(T a (Am; Qm))

i mH (T?) j
_—

Hy(T7(Ay(ny)) — Hy(T70x14(4,,))

commutes, and thus the sublemma holds in this case. Let (u,v) € [1,I] x [1,J] and suppose that the

sublemma holds if «; ; = 0 for (¢, ) > (u,v) with respect to the lexicographical order. We prove the

sublemma in case v; j = 0 for (7, j) > (u,v). We define amap 3: Py(;;,) — @, by sending e; to d; o, fo.
We define an embedding ¢: ¢ — o%[q] by

() = {(:17,0) if € maxo

| (z,q) ifx¢ maxo.
Then the image 7 of ¢ intersects with o3 [¢ — 1] C o%|[¢] only at max o x {0}, and thus the composite

1o %2 po s ot X T pokla=1]  pr P okl

is a morphism of groups. By applying this construction to the product
T x TP%: T7(Agmys Primy) X T7(Atmys Pegmy) — T7X (A, Q) X T7 (A, Q)
we get a morphism of groups
T - TP% T (A, Poomy) — T (A, Q).

Since ¢ — 1 = pr,_1 and ¢(m) = s_1(m), by the induction hypothesis and by the Kiinneth formula, we
obtain

(3.1) Hp(T*% - TP%) = Hy (T*¥%) + Hp (T?").

Set
wi= ] ep@) i) (@us) € T7*(A,).

xrEoQ

We define (o] ;) € My j(A™) by o} ; = i ; unless (i,7) = (u,v) and o, ,, = 0, which induces a map
' Qi) — P by sending e; to Z ;i fi

Claim 3.7. We have an equality®
(3.2) Ad(w) o (T*# . TPY) = 7% . BV

We calculate the (k,[)-entry of (B2) at U € T (Ay(,), Py(m))- It suffices to do this for;

(1) (k1) = (¢(x),o(y)) withx € og and y € 0.
2) (k,1) = (¢(x),¥(y)) with x € og and y € oy.
3) (k1) = (¢(z),v(y)) withx € o and y € 0y.
@) (k1) = (¢(z),p(y)) witha € og and y € o.

“Here is the only place we need the commutativity of pro rings
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Case (1):
(Ad(w) o (T - TP)U)) 1) o)
= (( TN,y oy F G (T2 TP o)
=7 U)p(a)ply) T Quw TP ¢(U)w(ar),w(y)
B 1fy € 0p
= zy —|—ﬂ ’y)auv :a(Uz,y) ify € maxo
( (T T w U))w(l’)vw(y)'
Case (2):
((Ad(w) o (T2 - T*)U)) 41 e
= up - (T2 - TPV)0)) 1) iy = (T TP ) iy
= Ozuﬂ)U;E’y - Ugg,yau,v
=0
_ a,p B
= (T2 - T7)U) ) o
Case (3):
(Ad(w) o (T - T7)U)) 0y i)
= (T TP U) gy gy — (T TPHO)) 1 )~ O
o B
= (77 - T7")U)) 0y, )
Case (4):

(Ad(w) o (T°¢ . T7¥)(1)) (T2 - TP (U))

— ((Tow .Tﬁ,w(U))

P(2),(y) P(2),(y)

Y(z).p(y)
Consequently, we obtain the equality (B32).

Again, by the induction hypothesis and by the Kiinneth formula, we obtain
a3 Hp(T*% . TP%) = HL(T“/’“O TP
' = H (T %)+ H,(T?").

It follows from (B, BE3) that
HL(TO"W) = HL(Ta 74/’)'
Therefore, by induction, we get the sublemma. O

We return to the proof of Lemma B3. We prove (i) for I = L. Let {P,,} be a pseudo-free {A4,, }-
module. Let {P,,[—]} be a pro resolution of {P,,} as in Lemma 8. Then, by Proposition 4 and
Corollary B4, { P,,[—>0]} — {P.} induces a pro isomorphism

O: {HL(TU(Amv Pm[_ZO]))}m = {HL(TU(Amv Pm))}m

In fact, for each m € E there exists r(m) > m, which does not depend on {P,, }, { P,»[—]} and o, such

that the maps ¢, ;)1 : ket O, () — ker O, and y.() 1+ cOker O,y — coker O, are equal to zero,
cf. Proposition IZ3.
We set

pi=pL ::< (Pl+1)>(Q+1)*1,

s(m) :=sp(m) :=7r(s1(- -+ (sp-1(t(m))) ---)).



14 RYOMEI IWASA

We claim that (i) for [ = L holds with these definitions. We prove it by induction on n := #oc > 1. The
case n = 1l is clear, and so let n > 1.
By Lemma B3, we have

Cu(BT? (A, Prn[=20]) = CL(ET(Am)) @100 (a,,) Cx(BM? (Ppn[=>0]))
and thus we have a first quadrant spectral sequence
(Es ) = Hi(T (Am, Prns])) = Hit(T7 (Am, Pra[—>0)))-
It is clear that (Eio)& = 0 for s > 0. Hence, the spectral sequence induces a filtration
0=F%,, CFy,, C CF[_4,,=H(T(An, Pu[—>0]))

with F7, /F7 , ,, asubquotient of Hy, (T (A, Pnli])).
Note that the map ¢: 0 — o¥[p] induces a morphism of spectral sequences

(Ejelt)gn = Ht(TU(Ama Pm[s])) — Hs+t(TU(Am7 Pm[_z()]))

| |
(BL)WX P = H (T7*0) (A, Pls))) = Hypo(T7¥ P (Apy, Prn[—30))).
By the induction hypothesis, the induced map
O'* i 0'* i
FsLLm)/zlsL L()_>F pe- /F [PL ]

K3

is zero for 1 < ¢ < L — 1. Also, observe that (o¥[a])¥%[b] = ok [(a + 1)(b+ 1) — 1]. It follows that,
by putting s'(m) := s1(--- (sp_1(t(m)))---) and p := Hlejl (p1 + 1) — 1, the canonical map

Lot (m) ) HU(T?) 2 HL (T (Agr (mys Pormy[=>0])) = HL(T*P V(A 1y, Poimy [=0)))
factors through Fg :7[5 )]
Now, we have lifts (maps of sets) in the commutative diagram

HL (Ta(As(m)v Ps(m)))

Ls(m),s’(m)
o o < ) o l
FO 3/(771)% HL (T (As/(m)a Ps’(m) [720])) — HL (T (As’(’m)7 Ps/(m)))

\L l lLs’(nL),t(rrl)HL(Tw)

%HL ToXN(Aymy, Py [=0])) > Hi(T7* PN Ay, Pogmy))
VT

Hy (T7% ] (A¢(m)> Prmy[0]))

Hp(T%%) o
2 Hyp (T *p] At(m)vpt(m)))

Consider the following diagram

Hy (TP (Ayny, Patony 0)) s H (To* (A, )

-

Hp (T (As(m), Psim))) RG] Hy(T7*P'N( Ay ), Pigmy)) AT Hp(T°*Pl(A,,, P,))

| | |

Hp(T7°(A Hp(Too*P'](A Hy (T70xPl(4,,
L( (s(m)))w L( (t(m)))w> L( (Am))
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where we omit the structure maps ¢, . The right rectangle commutes by Sublemma B, though the
lower right square may not commute. It follows from a simple diagram chase that the bottom rectangle
commutes. Therefore, by the induction hypothesis for n = #o, the middle composite ¢(y,) m Hr (T'¥)
equals zero.

Finally, (ii) for [ = L follows immediately from (i) for [ = L and Sublemma E8. Il

3.2.3. Let o be a partial ordering on {1,...,n}. Then we can naturally regard 7° (A) as a subgroup
of GL,,(A). For k > 0, we define *& to be the partial ordering on {1,...,n + k} obtained from o by
adding the relations i < n 4+ jfori € {1,...,n}and 1 < j < k. Set

T (A) ifk=0 _

o\ — T°(A) x M4 (P).
oA p) ith>1 L DX Muk(P)

kT9(A, P) := {

We write IT,, for the set of all partial orderings on {1,...,n}.

Corollary 3.8. Let A be a commutative Tor-unital pro ring and I,n > 0. Let o1,...,0¢ € Il,. Then
there exists p > 0 such that the canonical map

i (O B*Ti (A, P)) Ny (O BFTox (A, P))
=1 i=1

is equal to zero as a pro morphism for all k > 0 and all pseudo-free A-modules P, where the unions are
taken in B(GLy, (A) X M, (P)) and B(GL;,p41)(A) X My, (p11),1(P)) respectively.
In particular, there exists N > n such that the canonical map

ﬁl( U B’“T”(A,P)) = Hl( U B’“T"(A,P))

oell, oclly

is equal to zero for all k > 0 and all pseudo-free A-modules P.
Proof. We follow the proof of [Su&2, Lemma 7.5]. Note that

Tox[Pl(A) ifk=0

ko x[p] =
T7*PH(A, P) = {Tka*[p](A,p) if k> 1.

Hence, the case ¢ = 1 is true by Lemma B. Let ¢ > 1 and suppose that the corollary holds for s < ¢.
We abbreviate kT"(A, P)asT7. Set 0, ; := 0; N o,. Then we have a commutative diagram

H, (UZ;} BTNmz) @ H)(BT") — H, (Uﬁzl BTmt) — > H,_, (UZ;} BTJ;,,,,)
§ (Ut;i BTUiX[q]) @ H, (BT xldy —~ A, (U§=1 BTaix[q]) —H_ (Uf;i BT"i,tX[‘I])

with exact rows. We regard the diagram as a diagram of modules by the Freyd-Mitchell embedding. By
the induction hypothesis, the right vertical map is zero for some ¢ > 0. Thus, there exists a lift (a map of
sets) as indicated above. Again, by the induction hypothesis, there exists ¢’ > 0 such that the map

t—1 t—1
(| BT7) o B(BT) — | BT o f(BTo )
i=1 i=1
is zero. It follows from (o; X [q]) X [¢'] = 0 X [¢"], ¢ := (¢ + 1)(¢' + 1) — 1, that the map

i, (O BT*) — I (O BT71d")

i=1 i=1

is zero. This completes the proof. g
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3.3. The pro acyclicity theorem. We set “T7(A) := *T7(A, A) = T?(A) x M,, .(A) for o € IL,,.

Theorem 3.9. Let A be a commutative Tor-unital pro ring and | > 0. Then:
(i) Forn > 2l+ 1 and for any k > 0,
f[l( U BkTU(A)) =0,
oell,
where the union is taken in B(GL,,(A) x M, ,(A)).
(ii) Formn > 2l and for any k > 0, the canonical map
Hl( U BT"(A)) - Hl( U BkT”(A))
oell, oell,

is a pro isomorphism.

Proof. We write *X,,(A) = Usem, B*T?(A) and X,,(A) = °X,,(A).
We prove the theorem by induction on [. The case [ = 0 is trivial. Let L > 0 and suppose that the
theorem holds for [ < L.

Sublemma 3.10. Ler k > 0. The canonical map
Hy (FX(A)) = H (FXs1(A)
is a pro epimorphism for n > 2L and a pro isomorphism for n > 2L + 1.

Proof. Let us introduce some notation. Let A be aring, o € II,, and 1 < i < n. We define T7'/(A) be
the subgroup of T)7 (A) consisting of all o with ov; ; = «j; = 0 for ¢ # j. For k > 0, we set

EXi(A):= | BT'i(4)
oell,

and write ¥ X" (A) for the intersection of ¥ X1 (A), .. ., kX0 (A). Thenitis easy to see that kXt (A) ~

X p(A).
Consider the spectral sequence
(3.4) FEL, = || HJ (X)) = Hp+q( U x +1(A)).

0yeenip 1<i<n+1
Since kafjr'l'"i" (A) ~*X,_,(A), it follows from the induction hypothesis that
kE‘g,L = HL(an(A))
for n > 2L. Hence, the canonical map
H (XA > (| X))
1<i<n+1

is a pro epimorphism for n > 2L and a pro isomorphism for n > 2L + 1. According to [Su&2, Corollary
6.6, see also the remark before Theorem 7.1]%, the canonical map

H, (U+ “Xi11(A)) = H(*Xoi1(A)

is a levelwise surjection for n > 2L and a levelwise bijection for n > 2L + 1. Bringing these together,
we obtain the sublemma. 0

5The proof works for non-unital rings as it is.
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We show (i) for [ = L. Suppose that n > 2L + 1. According to Corollary B8, the canonical map
Hi(FXu(A)) — Hi(FXn(A))

is zero for some N > n. On the other hand, by Sublemma B-I1, this map is a pro isomorphism, and thus
Hr(*X,(A)) =0.
To get (ii) for [ = L, it remains to show that the canonical map

Hp(Xop(A)) — Hp(*Xor(A))
is a pro isomorphism. By the spectral sequences (B4, we have a commutative diagram

0 ——FE3;, | — Hp(Xaor(A)) —— H(X2r41(A)) ——0
0—=F*E3, | — HL("X50(A) — Hi(FXar41(A)) —=0

with exact rows. Hence, it is enough to show that E3 ; ;| — kE% 11 is a pro isomorphism; equivalently
it is a pro epimorphism. This follows from the diagram

Eyp, =@®HL 1(Xor 2(A) ——FE3;, | ——0

"B =@ Hi (" Xop2(A) —=FEZ, | ——0

with exact rows. O
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4. HoMOLOGY PRO STABILITY

In this section, we prove the homology pro stability for £, (Theorem BEH) and for GL,, (Theorem
ET3). We follow Suslin [Su96], generalizing his argument to the pro setting.

We say that a levelwise action of a pro group {G,,, } on a pro object { M, } is pro trivial if there exists
s > m for each m such that ¢ ., (gx) = ts,m(x) forall g € G, and x € M;.

4.1. Volodin spaces. Let G be a group and {G };¢r a family of subgroups of G. We define the Volodin
space V (G, {G;};cr) to be the simplicial subset of EG formed by simplices (go, - . . , gp) for which there
exists ¢ € I such that gjgk_1 € G, forall0 < 5,k <p.

The simplicial subset V (G, {G; }icr) C EG is stable under the right action of G, and V (G, {G; }) /G =
U, e BGi. Hence, we have a spectral sequence

(.0 B2, = Hy(G, Hy(V(GAGi}ien)) = Hyso (| BGH )
il
Let A be aring. We consider the Volodin space
Vn(A) = V(En(A)’ {TU(A)}UEHn)'

The permutation group %,, acts on V,,(A) by conjugation, and E,,(A) acts on V,,(A) by the right multi-
plication.
Here are some properties of Volodin spaces we need.

Lemma 4.1 (Suslin-Wodzicki [Su96, Lemma 5.4]). Let G be a subgroup of GL,,(A) containing E,,(A)
and let k > 0. Then the canonical projection and the inclusion

V(G AT (A)}oen,) =V ((g 11) ’ {(TUSA) 11) }oel‘ln>

are mutually inverse homotopy equivalences.

Lemma 4.2 (Suslin-Wodzick [SW92, Lemma 2.8]). For every n,l > 0, the action of E,+1(A?) on the
image of the canonical map

Hy(Va(A)) = Hi(Vay1(A))
is trivial.
Corollary 4.3. Let A be a pro ring such that A/ A% = 0. Then, for everyn,l > 0, the action of By, y1(A)
on the image of the canonical map

Hy(Vo(A)) = Hi(Voya(A))
is pro trivial.

Proof. Write A = {A,,,}. By the assumption, there exists s > m for each m such that ¢ ,, A5 C A2
Hence, given z in the image of H;(V,,(As)) = Hi(Va11(As)) and g € E,,(As), we have 15 o, (gz) =
Ls,m (T). O

4.2. Van der Kallen’s acyclicity. Let A be a ring and n > 1. Fix a unital ring R which contains A
as a two sided ideal. Let I be a finite subset of {1,...,n} and R" the free right R-module with basis
€1y...,€n. Amap f: I — R™is called an A-unimodular function if { f(i)};c forms a basis of a free
direct summand of R™ and f(i) = e; modulo A. We denote by Unigyn = Uniz{lyn(R) the set of all
A-unimodular functions f: I — R™. Obviously, Uni’, , does not depend on R.

We define the associated semi-simplicial set Uni 4, as follows: A p-simplex is an A-unimodular func-
tion f € Uniﬁl’n for some I with |I| = p + 1. The i-th face d;: (Unian)p — (Unign)p—1,0 <i <p,
is defined by

(f, dom f = {io,...,ip}) — f|{zozk1p}
As in the preceding section, for a semi-simplicial set X, we denote by C.. (X ) the complex freely generated
by X, with the differential being the alternating sum of the faces.
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The following result is proved by van der Kallen [RdKR0] in case A is unital, and the proof can be
easily modified for non-unital rings. We can also find a complete proof in [Su986, §2].

Theorem 4.4. [H;(C,(Unia,)) = 0forn > 1 +sr(A) + 1.

Let SUnij{,’n (resp. SUniim (R)) be the set of all unimodular functions f € U niﬁ,yn(R) for which there
exists a € E,(A) (resp. « € E, (R, A)) such that f (i) = e;a for all i € I. These yield semi-simplicial
subsets SUni4 ,, and SUni4 ,,(R) of Uniyg ,,(R) in an obvious way.

Corollary 4.5.
(i) H(C.(SUnia,(R))) =0forn>1+sr(A)+ 1.
(ii) Let A be a pro ring such that A/A? = 0. Then
H;(C,(SUnia ) =0
as pro abelian groups forn > 1 + sr(A) + 1.
Proof. (i) See [Su96, Corollary 2.8].

(ii) Let R be a unital pro ring which contains A as a two-sided ideal. By Corollary 3, the canonical
map SUnia 5, — SUnia ,(R) is a pro isomorphism. Hence, (ii) follows from (i). O

4.3. Homology pro stability for V,, and F,,. The following is a pro version of [S196, Theorem 6.1].

Theorem 4.6. Let A be a commutative Tor-unital pro ring. Let r = max(sr(A),2) and | > 0. Then:

(i) The canonical map
Hi(Va(A)) = Hi(Vay1(A))
is a pro epimorphism for n > 2l + r + 1 and a pro isomorphism for n > 2l + 1 + 2.
(ii) The conjugate action of ¥, on H(V,,(A)) is pro trivial forn > 2l +r + 2.
(iii) The action of E,(A) on H;(V,,(A)) is pro trivial forn > 21 +r + 2.

(iv) The canonical map
wisn-n (54 1)

is a pro isomorphism for n > 2l + r — 2 and for any k > 0.
(v) The conjugate action of ¥, on H;(E,,(A)) is pro trivial forn > 2l +r — 1.
(vi) The canonical map
HZ(ETL(A)) - Hl(E7L+1(A))

is a pro epimorphism for n > 2l + r — 2 and a pro isomorphism for n > 2l +1r — 1.

We prove Theorem B8 by induction on [. The case [ = 0 is clear. Also, (iv,v,vi) for [ = 1 holds by
the obvious reasons: (v,vi) follows from the fact H, (F,,(A)) = 0 for n > 3. For (iv), note that we have
a levelwise exact sequence

Mn,k(A)En(A) 4>H1 (En (A) X Mn,k<A))HH1 (En (A))HO,

and it is easy to see that M,, 1.(A)g,a) = 0forn > 2.
Let L > 0. The proof is divided into the four steps. We write (?)<x (resp. (?)<n, resp. (?)n) for
Theorem B@ (?) with I < N (resp. | < N, resp.l = N).
Step 1: (i,iiiii)< 71 = (iii)r_1.
Step 2: (iii)<r—1, (iV)<r+1 = (V)L41-
Step 3: (iV)<r+1, (WVi)<r+1 = (V,Vi)r41.
Step 4: (,ii))<r—1, (iii)SL,1 (Vi)§L+1 = (i,ii)g_1.

Remark 4.7. Let us explain how our argument below compares to Suslin’s one in [Su96]. First we remark
that, in (i)-(iii) of Theorem B, the range of stability or triviality is different from Suslin’s one (ours is
weaker). We think it was just an error there. Accordingly there is a minor difference in induction systems
between ours and Suslin’s, but all essential ideas below are due to Suslin and the arguments are roughly
compared as follows:
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— Step 1 corresponds to 6.2—6.4 in [SnYA].

— Step 2 corresponds to Corollary 5.8 and its proof in [Su96].
— Step 3 corresponds to 6.5-6.7 in [SuY6].

— Step 4 corresponds to 6.8-6.10 in [Sn9a].

4.4. Step 1: Covering argument I. Suppose that (i,ii,iii)< 7, _; hold. We show (iii)7,_;.2
4.4.1. Covering spectral sequence. Let Abe aring. For I C {1,...,n}, let I/ be the set of all partial
orderings of {1,...,n} for which every i € I is maximal. Set V,,(A)" := V,,(E,(A),{T”(A)}yen: )
Then V,,(A) = U;—, Vn(A)?, and there is a spectral sequence
By (A) = || Hy(Va(A)) = Hyiq(Va(A)).
[]=p+1

We define a map ¢: V,,(A)! — SUniiyn by ¢(ap, ..., 0q)(i) = e;ap, i € I. Then ¢ is a morphism
of simplicial sets regarding SUniﬁm as a constant simplicial set, and the inverse image of the unimodular
function fy: i > e; is V(E,(A)7, {T7(A)}semr ), where E, (A)! is the subgroup of E,,(A) generated
by elementary matrices « such that e;a = e; forall ¢ € I. For each f € SUnii,n, choose A(f) €
E,(A) with f(i) = e;A(f), i € I. Since the map ¢ is E,,(A)-equivariant, A(f) gives an isomorphism
¢~ (fo) ~ ¢~ (f) and

SUnily ,, X V(Ea(A) AT (A)}oenr) = Va(A), (f,0) = ul(f).

Also, the conjugation by the shuffle permutation o7, o7{n — p,...,n} = I, gives an isomorphism

For another choice of A’, there exists {v(f) € Ey,(A)" 7"} resuni,., suchthat ®x/(f,u) = ®A(f, uy(f)).
Under the isomorphism ®,, the differential d*: E, , — E,_1 , is given by, for f € SUnil{Ln and
u € Hy(V(E,(A)"Pm, {TU(A)}Uenz_p ..... n)s

P

(4.2) d'(fou) =Y (-DFdf @ 11 5(0u)7 f o
k=0

Here, oy, is a certain element in En(A)”_p“’“"”, TIk = a;\l{ik}ab and 9 is the map induced from the
canonical embedding E,,(A)" P — B, (A)"PLn,

4.4.2. Pro arguments. We write A = {A;, }me=.
Set £, (A) := GL,(A) N E(A). Then the canonical maps

Hy(V(En—p-1(A) AT (A)}oerm,_, 1))

(o W L))

are levelwise isomorphisms. Indeed, the second map is an isomorphism by definition and the composite
is an isomorphism by Lemma E1l. Hence, by Theorem [, the canonical map

Ne Hy (Vi1 (A)) = Hy(V(E, (A)" 2" {T7(A)}, cypprn)

®In this step, we only need Tor?* A (Z,7) = A/A2 = 0.
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is a pro isomorphism forn —p —1 > r 4 1.

Suppose that g < L —1and n—p—1 > 2¢g+r+2. Then, by (iii)< 1, the action of E,,_,,_1(A) on
H,(Vi—p—1(A)) is pro trivial. Hence, there exists s(m) > m for each m € Z such that the composite
W, in the diagram below does not depend on the choice of A.

Cp(SUnia, ,yn) @ Ho(Vop-1(Asim)))
id®>\l .
Cp(SUnia,,y,n) @ Ho(V(En(Asm))" 7" AT (Asm) Y gerrg-ron))
@Al: |
N\
Ej o (Asm)) o Epq(Am).

We may assume s(m + 1) > s(m) for every m, so that we obtain a morphism of pro abelian groups
W: Cp(SUnia ) ® Hy(Vap-1(A)) = E, (A).

Since ) is a pro isomorphism and ® is an isomorphism, we see that ¥ is a pro isomorphism.
Now, by (ii)<1,—1, the action of ¥,,_,,_1 on H,(V,,_,_1(A)) is also pro trivial. Hence, by modifying
s(m) > m if necessary, we see that the diagram

Ls(m),m Pa (IdA®N)
E;zl)—i-l,q (Am«)

ldl

E} (An)

Op""l(suniAs(m).n) ® HQ(V”_p_2(As(”L)))
lZ(l)kdk(@ﬁ
) ® Hq(Vn—;v—l(As(m)))

commutes, cf. the formula (B22). The horizontal maps are the maps ¥,, unlessn —p — 1 = 2q +r + 2;
in the last case only the bottom horizontal map can be identified with ¥,,,. Consequently, for g < L — 1,
we obtain a morphism of pro complexes

4.3) U: 0<n_2g—r—3(Ca(SUnian) @ Hy(Vao1—e(A))) = 0<p2g—r—3E, ,(A)

and it is a pro isomorphism.

Ls(m).mPar (AR
C,p(SUni4 _tam),m @ar (dBX)

s(m),n

Claim4.8. Forq< L—1land0<p<n-—2q—1r—3,
2

E;,(A)=0.
Proof. Suppose that ¢ < L —1and0 < p < n —2¢ —1r — 3. Put ), ;(A) := Cp(SUnia,n) ®
Hy(V,—p—1(A)), which we regard as a complex in p with the differential & := > (—1)*dj, ® 4. First,
we show that Hy,(F, 4(A)) = 0.

By (i)<1—1, the canonical map H,(V,,_,_1(A)) — Hy(V,,—,(A)) is a pro isomorphism, and thus
ker(Fp,q(A) = Fp—1,4(A)) = Zp(SUnia ) ® Hg(Vo—p-1(A)),
where Z,(SUniy ,,) := ker(C,(SUnia ) — Cp—1(SUnia »)). According to Corollary BT, the differ-
ential
C’p+1(SUniA7n) — ZP(SUniAvn)
is a pro epimorphism. Also, by (i)« _1, the canonical map
Hy(Vi—p—2(A)) = Hg(Va—p-1(A))

is a pro epimorphism. These imply that 0: Fj11(A) — ker(F), 4(A) — F,_1,4(A)) is a pro epimor-
phism, hence H,(F, 4(A)) = 0.
If p<n—2L —r — 3, then ¥ (E3) induces a pro isomorphism

HyF, 4(A) ~ E. (A).
Hence, in this case, the vanishing of E2 (A follows from the one of H,,(Fy 4(A)).
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Finally, let p = n — 2¢ — r — 3. Then we have a commutative diagram

Ls(m),m Pa(1d®N)
Fp+1,q(As(7n))—> 11)+170(Am)

l@ -

F%Q(As(m)) —_— E;,q(Am)-

Since W is a pro isomorphism, there exists m’ > m such that, foreach x € ker(E;,q (Ap) — E]Ll’q (Am)),
Lt ;m lifts to y € ker(Fp ¢ (Asim)) =+ Fp—1,¢(As(m))) along .. Further, since Hy ,(F, 4(A)) = 0,
we may assume that y = 0z for some z € Fj, 11 4(As(m)). Hence, Ly is in the image of the differ-
ential d'. This proves E2 (A) = 0. O

4.4.3. Conclusion. Suppose thatn > 2L +r. f p+q =L —1andp > 0,thenqg < L — 1 and
0 < p <n—2q—r— 3. Hence, by Claim EX, the Eg,q—terms with p + ¢ = L — 1 are zero unless
E§ 1, and the edge map

By 1(A) = Hp1(Va(A))

is a pro epimorphism.
Now, the composite

CO(SUniA"“n> ® HL71(Vn,1 (Am))

id®>\l

Co(SUnia,,n) ® Hp—1(V(En(Am) "™ AT (A)}, i)

(I)AJ/ s
B\

edge
E(%,L—l(Am> HLfl(Vn(Am))

is given by f ® u — a{i}(éu)o{*ﬁA( f), where f is an A,,-unimodular function with dom f = {i}
and v € Hp_1(V,—1(Asn)). Since the action of F,,(A) on the image of §: Hy_1(V,—1(A)) —
Hj,_1(V,,(A)) is pro trivial by Corollary B3, the above composite yields a pro morphism

(4.4) Co(SUnia ) © Hp—-1(Va-1(A)) = Hp1(Va(A)), [ @u s oy (du)og,.

Furthermore, since the edge map is a pro epimorphism and ® is an isomorphism and (id ® \) is a pro
isomorphism, we see that (E-4) is a pro epimorphism.

By Corollary B3 again, we conclude that the action of E,,(A) on Hy_1(V,,(A)) is pro trivial. This
proves (iii)z—1.

4.5. Step 2: V to E. Suppose that (iii)<7—1 and (iv)< 141 hold. We show (iv)r41.
Suppose that n > 2L + r and fix k£ > 0. We set

B (A) = (EnéA) 1*k>7 To(A) = (T"(()A) 1*k>

and Vo (A) = V(Eu(A), {T7(A)}oen, ). ]

By Lemma BT, the canonical inclusion and projection V;,(A) = V,,(A) are mutually inverse homo-
topy equivalences. It follows that the action of (g * ) on H.(V;,(A)) is trivial. By (iii)< 1, the action
of E,(A) on H,(V,(A)) ~ H,(V,,(A)) is pro trivial for ¢ < L — 1. Hence, the action of £, (A) on
H,(V,.(A)) is pro trivial for ¢ < L — 1.
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Consider the spectral sequences (El) and the canonical map between them;

E2 (A) = Hy(En(A), Hy(Va(A))) = Hpg(U

|

E2 (A) = Hp<En(A>v Hq(vn<A))) = Hp+q(UgeHn BTU(A))-

p,q

oer, BT?(A))

For ¢ < L — 1, the E?-terms fit into the extensions

0 — Hy(En(A)) @ Hy(Va(A)) — E} ((A) — Tor{(Hy—1(En(A)), Hy(Va(A))) — 0

| | |

0— Hp(En(A)) ® Hq(f/n(A)) - E2, (A) — Tor%(prl(EN‘n(A)), Hq(vn(A))) —0.

By (iV)< 111, the canonical map H,(E, (A)) — H,(E,(A)) is a pro isomorphism for p < L. Hence,
the canonical map

E? (A)— E2 (A)
is a pro isomorphism for p < Land ¢ < L — 1. Also, Ef ,(A) ~ E&q(A) for all ¢ > 0, since
H,(V,(A)) ~ H.(V,(A)). Finally, by Theorem B, the canonical map E°(A) — E°(A) is a pro
isomorphism for n > 2i.
Bringing these together, we have:

(1) E2 (A)~E2 (A)forp+q=L—1

) B2, (A)~E2 (A)forp+q=L.

(3) E2 ,(A)~E2 (A)forp+q=L+1landp>2andq> 1.

(4) BF(A) ~ BP(A) and %, ,(A) = B55, (A).
Then, by Lemma B9 below, we conclude that

E%+170(A) - E%-&-LO(A)

is a pro epimorphism, and thus a pro isomorphism. This proves (iv)41.
Lemma 4.9 ([Su96, Remark A.5]). Let A be an abelian category. Let f: E — E be a morphism of first
quadrant homological spectral sequence in A, and let L > 0. Assume that f induces:

(1) A monomorphism E;q — Eiqforp +q=L—-1

(2) An isomorphism E;q = Eﬁ,qforp +q= L.

(3) An epimorphism Eg’q —» Ezz,’q forp+q=L+1,qg>1andp > 2.

(4) An isomorphism E° =5 E and an epimorphism E?, — EEO+1.
Then f induces an epimorphism

E%H,o - E%+1,O'

4.6. Step 3: Covering argument II. Suppose that (iv)<z41 and (v,vi)< 41 hold. We show (v,vi)r41.

Sublemma 4.10. For!l < L+ 1andn > 2l +r — 2, let H be a finite subgroup of GL,,+1(Z). Then the
conjugate action of H on the image of

Hi(En(A)) = Hi(Enia1(A))
is pro trivial.

Proof. The case [ = 0,1 is clear. Suppose that 2 <[ < L+ 1landn > 2l +r — 2.

Note that GL,,4+1(Z) is generated by €; ,11(1), ept1,:(1), 1 < ¢ <n, and diag(l,...,1,—1). Since
H is finite, it suffices to show that each generator acts pro trivially on the image of H;(E,(A)) —
H(En+1(A)). It is obvious that diag(1,...,1, —1) acts trivially on it.
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We show the triviality of the conjugate action of e; ,,11(1); the one of e,,11 ;(1) is similar. By Corol-
lary [[3, it suffices to show that the action on the image of

Hl(En(Ra A)) — Hl(En+1(Ra A))

is pro trivial for some unital pro ring R which contains A as a two-sided ideal. The inclusion F,, (R, A) —
E,+1(R, A) factors through

E,(R,A) = (E"(POL’ A) *1‘) C Eni1(R,A)

and it is normalized by e; ,,11(1). Hence, it suffices to show that e; ,,+1 (1) acts pro trivially on the image
of H(F,(R,A)) — H|(E,(R,A)). Now, we have a commutative diagram

Hy(En(R,A) <Y 1B, (R, A))

|

©— H(E.(R,A)),

and the vertical maps, the canonical inclusion and projection, are pro isomorphisms by (iv)<r41. This

implies that e; ,+1(1) acts pro trivially on the image of H;(E, (R, A)) — H;(E,(R, A)). O
We consider the hyperhomology spectral sequence
E} (A) = Hy(Eny1(A),Cp(SUnia ns1)) = Hppg(Ens1(A), Co(SUnia ni1)).

The C,,(SUnia n+1) decomposes into a direct sum of E,, 11 (A)-submodules Cp(SUniLnH) with |I| =

p+1, and we have a levelwise isomorphism ZE,, 1 (A) ®zp, ., (a) Z = C’p(SUniLnH), which sends
a € F,11(A) to the unimodular function ¢ — e;a, i € I. Hence,

|| Hy(Bu(A)) ~ B (A).
|=p+1

Let A™ be the nerve of the partially ordered set {1 < 2 < --- < n + 1}. We define level maps
En_p(A) = E,1(A)! by sending a to o7 (§ 1%, ) o7 ', where o7 is the shuffle permutation o7 {n —
p+1,...,n+ 1} = I. These maps yield

U: Ap @ Hy(En—p(A)) ~ |_| Hy(En—p(A)) — |_| Hy(Eni1(A)7) = E;,q<A)-
|T|=p+1 [T|=p+1

It follows from Theorem A and (iv)<y1 that W is a pro isomorphism for¢q < L +1andn —p >
max(2q + r — 2,r + 1). Furthermore, by Sublemma ET0 (with H = X, 1), we see that the diagram

Ap @ Hy(En p 1(A)) —=Ep 4 ,(A)
ité(—l)’ﬂdk@sl ldl
n v
Ap ® Hq(En—p(A)) E;7q(A)

commutes for ¢ < L+1and n—p > 2q+r — 1, where dj, are the face maps of A™ and § is the canonical
map Hy(Ey—p-1(A)) = Hy(En_p(A)).

Claim4.11. Forg < Land0<p<n—2¢q—7r+1,
2 —
E; ,(A)=0.
Proof. Suppose thatq < Land 0 <p <n —2q—r+ 1. Put F}, ,(A) := A} ® Hy(E,—,(A)), which
we regard as a complex in p with differential Ziié (—1)*d), ® 6. Then, by (vi)< 11, we have

ker(Fp o(A) = Fp14(A)) ~ker(ZA) — ZA, 1) @ Hy(En—p(A)).
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Again by (vi)< 41, the canonical map
H, (En—p—l(A)) - Hq(En—p(A))

is a pro epimorphism. Since A™ is contractible, we conclude that H,(F, ,(A)) = 0.
Now, we have a pro isomorphism

Ef;,q(A) ~ Hp(Fe4(A))

forn —p—1 > r+ 1. Our assumption saysn —p — 1 > 2q +r — 2; hence, incase 2¢ +r —2 > r 41,
the vanishing of E  (A) follows form the one of Hy,(F, 4(A)).
It remains to show the case ¢ = 1. However, in this case,

E} (A) % A" @ Hy(E,—p(A)) = 0.
This completes the proof. O

Suppose that . > 2L + 7. Then the E*-terms with p 4 ¢ = L + 1 are zero unless Ej ; , ; (A). Hence,

the edge map
Eo1(A) = B4 (A)
is a pro epimorphism. The left hand side is pro isomorphic to Ay ® Hy1(E,(A)) by W. According to
Corollary B3, H;(C,(SUnia n+1)) = 0 for n > i + r. Hence, we have a pro isomorphism
B (A) = Hpp1(Eng1(A), Co(SUnia 1)) =~ Hp11(Eni1(A)).
By using Sublemma BT, we see that the edge map
AG ® Hpq1(En(A)) = Hpq1(Enga(A))

coincides as a pro morphism with a sum of copies of the canonicalmap 6: Hy11(E,(A)) = Hr11(En+1(A)).
Hence, 0 is a pro epimorphism. This proves the first half of (vi)r+1.

Next, suppose that n > 2L + r + 1. Then by Claim BT, E;L_S_s_g (A) = 0 for s > 2. Hence, we
have an exact sequence

AT @ Hpp1(En—1(A)—=AfF @ Hpp1 (En(A))——Hp 1 (Epta (A))—0.
Since Hy41(En-1(A)) = Hp+1(E,(A)) is a pro epimorphism, we conclude that the canonical map
Hp1(En(A)) = Hpg1(Ensa(A))

is a pro isomorphism. This proves the second half of (vi)z 1.
Finally, since Hy11(E,-1(A)) — Hr11(E,(A)) is a pro epimorphism, Sublemma E-T0 implies
that the action of X,, on Hy 1 (FE,(A)) is pro trivial. This proves (v)r,11

4.7. Step 4: I/ to V. Suppose that (i,ii)<7,—1, (ili)<z,—1 and (vi)<z1 hold. We show (i,ii)r,—1.
Suppose that n > 2L+ r. Consider the spectral sequences (El) and the canonical map between them;

"By J(A) = Hy(En(A), Hy(V,(A))) === H, 1, (Uaenn BT?(A))
|
B2 (A) = Hy(Eny 1 (A), Hy(Veir(A)) = Hyig(Uyenr, . BT7(A)).

By (iii)<z,—1, for¢ < L — 1, the E2-terms fit into the extensions
0 —— Hy(En(A)) @ Hy(Va(A)) ——"E} [(A) —— Tor((H,_1(En(A)), Hy(Va(A))) —0
0 — Hy(Ent1(A) @ Hy(Vay1(A)) —"FLE2 (A) = Tor{(Hp1(Ent1(A)), Hy(Var1(A))) — 0.

Hence, it follows from (i)<7,—1 and (vi)<z1 that the map

n ;2 n+1 ;2
E, (A) — * E, (A)
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is a pro epimorphism for ¢ < L —1 and p < L+ 1, and it is a pro isomorphism if further n > 2p+r — 1.
Finally, by Theorem B9, "E(A) ~ "1 E°(A) for n > 2i + 1.
Bringing these together, we have:

() "E} (A) ~"ME? (A)forp+q=L—1landp> 1.
(2) "E} (A) ~"E? (A)forp+q=Landp > 2.

(3) "E2 (A) > "TE2 (A)forp+q=L+1landp>3.

4) "E¥ [(A) ~"T1EX (A)and "E(A) ~ "TIEX(A).
Then, by Lemma E-T2 below, we conclude that the canonical map

~

nEg,LA(A) - n+1E§,L71(A)
is a pro isomorphism. By (iii)<z,—1, the left hand side (resp. right hand side) is pro isomorphic to
Hyp_1(Vn(A)) (resp. Hr,—1(Vn+1(A))). Hence, we get the second part of (i)r,—1.
Next, we show (ii)7,—1. Now, the canonical map
Hy—1(Va(A)) = Hp—1(Vai2(A))

is a ¥, -equivariant pro isomorphism. Hence, it suffices to show that ¥, | 5 (and thus 3J,,) acts pro trivially
on Hy_1(Vp42(A)). Now, the permutation 7,11 12 acts pro trivially on Hy,_1(V;,12(A)), since it acts
trivially on the image of the above map. Since ¥, is the normal closure of 7,1 42, 242 also acts
pro trivially on Hy_1(V,,2(A)).

In Step 1, we have seen that the map (£-4)

Co(SUnia n) @ Hp—1 (Vo1 (A)) = Hr—1 (Vi (A))

sending f @ u U{i}(éu)a{_ﬁ (dom f = {i}) is a pro epimorphism for n > 2L + r. Now, we know
that o{i}(éu)a{*ﬁ = du. Therefore, the canonical map 6: Hy_1(V,-1(A)) = Hr_1(V,(A)) is a pro
epimorphism. This completes the proof of (i)r,—1.
Lemma 4.12 ([S196, Theorem A.6]). Let A be an abelian category. Let f: E — E be a morphism of
first quadrant homological spectral sequence in A, and let L > 0. Assume that f induces:

(1) A monomorphism Ef)’q — Eiqforp +qg=L—-1p>1

(2) An isomorphism E;q = E~§7qf0rp +q=L,p>2

(3) An epimorphism E;q —» Ez,q forp+q=L+1,p>3.

(4) Isomorphisms E3° | = E° | and E* = E%°.
Then f induces an isomorphism

Ef 1 = By

4.8. Homology pro stability for GL,,. Now, we prove our main theorem.
Theorem 4.13. Let A be a commutative Tor-unital pro ring. Let r = max(sr(A),2) and | > 0. Then

the canonical map
HZ(GLTL(A)) — HI(GLn-‘rl(A))

is a pro epimorphism for n > 2l + r — 2 and a pro isomorphism forn > 2l +r — 1.

Proof. The case [ = 0 is clear. The case [ = 1 is proved in Theorem [3. Let! > 2and n > 21 +r — 2.
Then, by Theorem I3 and Corollary [3, the sequence

0——FE,(A)——GL,(A)——H;(GL(A))——0.
is exact up to pro isomorphisms. Now, we have a morphism of spectral sequences;
"By g = Hy(H1(GL(A)), Hy(En(A))) == Hp44(GLn(A))

| /

"2 — H,(Hy(GL(A)), Hy(Bo1(A))) = Hyry(GLot1(A)).

Using these spectral sequences, we can easily deduce the theorem from Theorem B8 (vi). g
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Corollary 4.14. Let B be a pro ring with a two-sided ideal A and r = max(sr(A), 2). Suppose that A
is commutative and Tor-unital. Then the conjugate action of GL,,(B) on H;(GLy,(A)) is pro trivial for
n>2+r—1

Proof. Let « (resp. 3) be the map GL,, — GLo,, given by

— (9 0 resp. g Lo 0
According to the Theorem ET3, the induced maps
a, B: Hi(GL,(A)) = H;(GL2,(A))

are pro isomorphisms for n > 2l 4+ r — 1.

Write B = {Bp}mes and A = {A,, }mes. For each m € J, choose s(m) > m such that if
a(a) = 0 with a € Hj(GL,(Ag(m))) then ty(,m) m(a) = 0. Next, choose t(m) > s(m) such that for
every x € Hi(GLy, (Ay(m))) there exists y € H;(GLy(Ag(m))) With L4y, s(m) (a(z)) = B(y). Then, for
g € GLn(Bt(m)) and x € Hl(GLn(At(m))),

O‘([’t(m)ﬂs(m) (gI)) = a(bt(m),s(m) (g))ﬁ(y)
=pBy)
= a(Lt(m,),s(m,) (:I;))
Hence, t4(m),m (9%) = ti(m),m(x). This completes the proof. O

Suslin has shown that if a ring A is Tor-unital then, for every ring B which contains A as a two-sided
ideal, the conjugate action of GL(B) on H;(GL(A)) is trivial, cf. [Sn93, Corollary 4.5], see also [SW97,
Corollary 1.6]. Geisser and Hesselholt generalized Suslin’s result to a pro setting, cf. [GHOf, Proposition

1.3]. They stated the result only for pro rings of the form { A™} for some ring A, but their proof works
more generally to give the following.

Theorem 4.15 (Suslin, Geisser-Hesselholt). Let B be a pro ring with a two-sided ideal A. Suppose that
A is Tor-unital. Then the conjugate action of GL(B) on H;(GL(A)) is pro trivial for all | > 0.

By using Theorem BETH, we can strengthen Theorem BET3.

Theorem 4.16. Let A be a commutative Tor-unital pro ring, r = max(sr(A),2) and l > 0. Suppose
that there exists a unital pro ring R with st(R) < oo which contains A as a two-sided ideal. Then the
canonical map

Hy(GL,(A)) — Hi(GL(A))
is a pro epimorphism for n > 2l + r — 2 and a pro isomorphism forn > 2l +r — 1.

Proof. Let R be a unital pro ring as in the statement. Consider the commutative diagram

L |

GL(A) — > GL(R) GL(R/A)

with exact rows. Now, the second and the third maps induce isomorphisms on homology for n large
enough. Also, the action of GL,,(R) on H;(GL,(A)) is pro trivial for n large enough (Theorem ET4)
and for n = oo (Theorem ET3). Consequently, the canonical map

Hi(GL4(A)) = Hi(GL(A))

is a pro isomorphism for n large enough. Combining it with Theorem B3, we get the result. 0
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